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Abstract 



Oh: 



We compute the 3-point function of the stress-energy tensor in the d-dimensional CFT from the AdSd+i 
gravity. For d = 4 the coefficients of the three linearly independent conformally covariant forms entering 
the 3-point function are exactly the same as given by the free field computations in the M = 4 SYM just as 
expected from the known renormalization theorems. For d — 3 and d — 6 our results give the value of the 
corresponding 3-point function in the theories of strongly coupled M = 8 superconformal scalar and (2, 0) 
tensor multiplets respectively. 

X' 

& ; 1 Introduction 

The Maldacena conjecture relating the large N limit of certain conformal field theories in d-dimensions 

with supergravity on the product of the d + 1 dimensional Anti-de Sitter space with a compact manifold have 
been recently tested by explicit computation of many 2- and 3-point gauge theory correlation functions from 
the AdS supergravity |i|-j2(]]. A considerable progress was also achieved in studying 4-point correlators [pl"|- 
p7| , whose complete computation, however, requires the knowledge of the supergravity action on the AdS 
background beyond the quadratic p8| approximation. 

An important question being yet unsolved with 3-point functions is computation of the 3-point function 
of the stress-energy tensor Ty(af). Unlike the other 3-point functions that are determined by the conformal 
symmetry almost completely (usually up to one constant), the 3-point function of T^(ot) in general dimension d 
admits five independent conformally covariant forms, two of them being fixed by the gauge theory conservation 
law diTij(x) = [ p9| . Three constants undetermined neither conformal symmetry nor the conservation law 
might be computed from the AdS supergravity and confronted with their free-field counterparts. This obviously 
provides a further nontrivial test for the AdS/CFT correspondence. 

In this paper we therefore address the problem of computing the 3-point function of the stress-energy tensor 
in the d-dimensional CFT from the AdSd+i gravity. 
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According to the AdS/CFT conjecture the CFT current of conformal weight zero coupled to the stress- 
energy tensor of conformal dimension d is extended to the interior of the AdS space as the on-shell graviton 
field. In comparison with 3-point functions of other gauge-invariant composite operators computation of the 
3-point function of T+j (x) is complicated by two things. Firstly to cure up the infrared divergences of the gravity 
action one can introduce the boundary of the AdS space. The Hamiltonian formulation [[13[ of the AdS/CFT 
correspondence then naturally requires additional boundary terms so that the pure gravity action is not 
given only by the standard Einstcin-Hilbert term. It is worth stressing that the account of the boundary terms 
is absolutely necessary since they provide the fulfilment of the Ward identities in the boundary CFT. The second 
thing is that after introducing the boundary terms the gravity action looses its manifest conformal as well as 
gauge invariance. 

In our computation of the 3-point function we account the boundary terms in the following way. We start 
with the standard Einstcin-Hilbert term (with the cosmological constant) and decompose it up to the cubic 
order in metric perturbation h^ v . Removing all terms linear in second derivatives as well as all total derivative 
terms we are left with an action that according to (l3) differs from the action one should use in the AdS/CFT 
correspondence only by terms that do not contribute to the Green functions. Then, by the on-shell perturbation 
theory, one may find that the contribution of the quadratic terms to the value of the 3-point is exactly zero. 
Thus, the remaining action is just the sum of the cubic bulk and the boundary (noncovariant) terms, the latter 
arise due to the removal procedure. Fortunately, the cubic boundary terms do not contribute to the value of 
the 3-point function and by this reason can be disregarded. The bulk term is manifestly covariant w.r.t. the 
AdS isometries as well as on-shell gauge symmetry and that apparently solves the second difficulty. 

Choosing the covariant gauge we then explicitly compute the remaining bulk integral and get the 3-point 
function. For the physically most interesting case d — 4 we realize that the coefficients of the conformal 
tensors of the 3-point function are exactly the same as the ones found by the free field computations. This 
is obviously in agreement with the earlier results by |fl2[ |30| , 53], whose essence is that in four dimensions the 
superconformal symmetry is powerful enough to protect some 3-point functions in J\f = 4 Yang-Mills against 
quantum corrections. 

As to the other cases of particular interest d = 3 and d — 6, at the moment we are unaware of the gauge 
theory calculations and may suggest that our results give the value of the corresponding 3-point function in the 
theories of the strongly coupled superconformal scalar and (2, 0) tensor multiplets respectively. 

The paper is organized as follows. In Section 2 we define the gravity action one should use in the AdS/CFT 
correspondence and obtain its decomposition up to cubic order in metric perturbation. In the third Section we 
compute the on-shell value of the gravity action in the de Donder gauge and obtain the 3-point function. We 
then write down explicitly the coefficients of the conformal tensors occuring in the 3-point function in dimensions 
d = 2,3,4,5,6 and comment the most interesting cases. Some details of the calculation are collected in the 
Appendix. 



2 Gravity action at third order of perturbation 

We begin by fixing the basic notation. Let M. be a d + 1 dimensional manifold with a d-dimensional boundary. 
Throughout the paper the indices /i, v, . . . run the set 0, . . . , d, while i, j, . . . are reserved for the d-dimensional 
boundary and take values 1, . . . , d. The coordinates x^ are then splitted as x^ ~ (xq,x) with x = {x{\. Let M. 
be also supplied with a positive signature metric G^ u . 

We will deal with the Euclidean version of the AdSd+i space that is described as the upper half space 
M = {xi S R; xq > 0} endowed with the metric 

ds 2 = ^dx^dx". 
x Q 

The boundary of AdSd+i space is at xq = and can be identified with the Euclidean space. Since the boundary 
is infinitely distant from any interior point the gravity action on the AdS background suffers from infrared 
divergences. A natural regularization is then provided by putting the boundary of AdSd+i space at xq = e and 
considering the part with xq > e. The physical fields are required to vanish when x$ — » oo. 

The total gravity action S one should use for computing gauge theory correlation functions is given by the 
sum 

S = S + S {1) +S {2) (2.1) 
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of the standard Einstein-Hubert term ( with the cosmological constant A = kd{d — 1)) 

S = J y/G(R-2X) 

and two boundary terms and S. Explicitly, is the Gibbons-Hawking term 



d a xVGK, 



(2.2) 



(2.3) 



where K is the trace of the fundamental form on the boundary and G is the determinant of the induced metric. 
The second boundary term is a term proportional to the volume of the boundary: 



S (2) = 2(1 -d) f d d x\fG 

JdM 



(2.4) 



As was shown in [[13|, adding the boundary terms is equivalent to removing from the bulk action ( p.2; ) all 
terms linear in s econd derivatives and all total derivative terms. The gravity action obtained in such a way 
differs from (2A) only by terms which do not contribute to Green functions. Therefore we can restrict our 
attention to considering the bulk term. 

If we assume g pv to be the background AdS metric and perturb G^v near the background value: G^v = 
9iiv + h^, then equations of motion = —dg^ up to the second order in h pv can be written as follows 



Lav = V, 



where two tensors 



V P V P V + V^V v /i - V^VKp - VvVhpp + 2(V - g^h), 



and 



-Vp^V^/w + V, V - V CT v)) + v,(^v,v) 

2 (Vp/i„ P + V„/ip P - V P V)Vfc - ^Vp h pa \7 v h pa + \7 p h^\7 p hl - V CT ^ P V P ^ 



(2.5) 
(2.6) 
(2.7) 



were introduced. Here the covariant derivatives are taken w.r.t the background metric. 
Introduce the notation 

-Rpiy = + R$ + R$ + ••• = Rp.v + 5R pv + —^S^R^v + ... 

for decomposition of the Ricci tensor around the background i?p„ and analogous one for decomposition of the 
curvature. 

Now we are ready to analyse gravity action (2.1) up to the third order in metric perturbation. We start 
with working out decomposition of (2.2): 



S = S + 5S + ^5 {2) S + ^$ l3) S + ■■■ 
Computing the first variation SS of (2.2) one then represents it in the form 

SS[G, h} = - J^VG (r^ - ^G„ V R + AG M „) + T, 
where T is the following boundary term 

T= f VGV^Vvh^ - Vft) = - / \/G(Vp/i ^ -d°h). 

JM JdM 



(2.8) 



(2.9) 



In (2J5) we consider 6S[G, h] as the variation of S[G] at a "point" G MI ,, i.e. we do not assu me the metric Gp„ 
to be equal to its background value. Now the simple algorithm to find decomposition (2.8) is to consider the 
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succesive variations of 8S [G, Since we are interested in decomposition of the total action (2J) we can omit 
the total derivative term T . 

Thus, varying the terms in parenthesis in (2.9) and reducing the result to the background we get 



1 



where the relation Rp) + dh^ = — hL^ was used. 
For the second variation we find 



Here R$ 



y^{g p,7 Rf)) = l{V rr \9^V), where V = V£. 
With these formulae at hand it is now easy to find the action ( |2.Sj ) up to the third order in h^: 



S 



6 14 



"' -~0V -\g^V)h^ 



1 



(2.10) 



where we again omitted nonessential total derivative terms. The action ( p. 10 ) depends on second derivative 
terms. To remove these t erm s one shou ld add to ( p.lOj ) total derivative terms which can be easily found by 
using explicit expressions ( |2.6| ) and (2/7) for L and V respectively. A simple consideration then shows that the 
quadratic terms in the resulting action do not contribute to the 3-point Green function. 

Thus, we see that to find the 3-point function we need to compute the on-shell value of S which is given by 



S = — 
6 



M 



Vg(v„ u - -g^vw + cubic, 



(2.11) 



Here h pu is a solution to the linearized equation of motion: L^h] = and cubic refers to the unwritten 
explicitly total derivative terms of the cubic order. Since these terms may deliver only a local contribution to 
the value of the 3-point function in what follows we disregard them. 



3 Three-point Green function 

The radiation gauge for the AdS gravity that is effectively used for computing the two-point Green function 
of the stress-energy tensor in the boundary CFT obviously breaks the invariance of the gravity action under 
isometries. For the 3-point function this fact leads to severe difficulties in computing the bulk integrals. Thus, 
to handle the problem we choose the covariant gauge of the de Donder type: 

V M (K - l^h) = 0. (3.12) 



2 

In this gauge the solution of the linearized equations of motion reads as |^| : 

h^XQ^x) — kq I d d y K.(x,y)Jl(x - y)Jj{x - y)£ij,klhu{y), (3.13) 



where 



{xl + {x-yW 

v d / 2 r(d/2) ■ 



the coefficient kc = jzj t j/2hL 2 ) > ^liv) represents the boundary data of the graviton and S^ki is the traceless 



symmetric projector: 



£ij,ki = ^ikSji + SuSkj) - -SijSki- (3-14) 



1 The covariant derivatives in T are also w.r.t. to the metric G^i/. 
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Note that tensor by has the vanishing trace. 

In the de Donder gauge the remaining bulk term of the on-shell action ( 2.11 ) can be represented in the 
following form most suitable for further computations: 



?(d+i)ft;/.Xi- 



where we used the explicit form of and the vanishing of hfi. 

Again omitting the total derivatives being the cubic order boundary terms we see that the on-shell action 
in the de Donder gauge is essentially given by the bulk integral 

S = ~ J V=5 (v^VpVfc""^ - WaVph^hPhZ + •pKV'K ~\{d+ • (3.15) 



By using the equation of motion that in the covariant gauge reads as V p V p h pi/ = —2h pv we then rewrite ( 3.15 ) 
in the form 

S = lJ M fav^Vpft""^ - V a V p h la ,b!»'h pa + ^df%h£hZ) ■ (3.16) 

The computation of (|3. 16 ) is a rather combersome but purely technical task that can be performed by the 
inversion method of 0. Before plugging into details we make some comments ab out t he relation between the 
bulk and the boundary gauge transformations. The symmetry group of action ( |3. 16j ) is now reduced to the 
gauge transformations that preserve the de Donder gauge. This group of residual gauge transformations is 
generated by vectors £ M obeying an equation V P V P ^ — d£ M = 0. Explicitly, the solution satisfying the gauge 
V M £ M = reads as 

f(x , I) . «. / *y M + ( ^ fl2)w J»(, - Bftf), «„ = i+i-^a_, (3.17) 
where the coefficient k v is fixed by requiring ^(xq,x) — * £, l (x) when xq — > 0. In particular, the component £° is 

k r T d+3 



One may see that on the boundary (s — > 0) the residual gauge transformations are reduced to 

*>>: • <ljC '^.AihCi. (3.18) 

i.e. to the usual gauge transformations of a traceless symmetric tensor. In other words, the transformations 
( 3.1Sj ) of the boundary data can always be prolonged to the bulk gauge fields, which preserve the de Donder 
gauge. We, therefore, expect the 3-point function Tij^i >mn {x, y, z) =< (x)Tki(y)T mn (z) > of the stress-energy 
tensor Tjj to obey the conservation law 

y, z) = 0, for noncoincident x, y and z. 

As was already mentioned in the Introduction in arbitrary dimension d > 3 there are five independent con- 
formal tensors occuring in the expression for the 3-point function of the stress-energy tensor. The conservation 
law then fixes the value of two from five coefficients. It is clear that the 3-point function defined by S is con- 
formally covariant and the only reason to find its explicit expression is to make comparison of the coefficients 
of conformal tensors to the ones found on the gauge theory side. 
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Thus, substituting ( flgj) in fuel ) we see that according to the AdS/CFT prescription [| the 3-point 
function is defined aso 

(x,y,z), (3.19) 

where sum is taken over all possible permutations of sets of indicies and points (ij, x), (kl, y) and (mn, z) of the 
following tensor 

f d d+1 uj 

Iij,kl,mn(x,y,z) = 2K G £ij t i/j>£kl,k'l'£mn,m'n' / — d+T^-( W ' z) x (3.20) 





2V-V,(/CJ^^')( W - f)(J* , J^)(w - - *) 

- V„V'(JCJ£Jjj')( W - x)(J k ; J?,)(u> - y)(jfJZ)(u - z) 
+ y (KJ$4')(u x^J^ - MJ?'JZ,)(u> z) 

Recall that here and in what follows the bulk (boundary) indices are contracted w.r.t. the AdS metric (Eu- 
clidean) and, therefore, only their positions matter. Note that the tensor Iij t ki,mn itself is not conformally 
covariant. 

Following the method of j?J we now put in ( 3.2C ) x = and perform the change of variables lo' = ^ and 
x'i = This is just the inversion transformation under which the derivatives V p transform covariantly. In 
particular, 



V p (1C(uj,x)4(w - g)Jf(w - x)) = \J\ 2 Jl{J)r {u')j;{"')K (/C(u/,f)J A >' - f )4 {J - x')) 



Jl(x)JHx) 



and 



where the covariant derivatives V' are w.r.t to the connection 

Thus, after substituting the change of variables all internal Jacobians depending on the variable lo alone cancel 
against each other and one is left with the following expression 

t In -> ^\ <-> 3 c 3-kl.k'l' {y) Z mn m / n i (z) I" d U> /o oi\ 

lij,kl,mn[0,y,z) = 2K G £ ij,i'j' — r~i2d Ti2d / K u,y K(u,2 J X (3.21) 

I sy I M 7 

(-y(^Xw-in(^;^ 

-(d 2 - d 2){J$4){u> - tfW J° n ,){u z 1 ) + 2d(44)(u; tf)(J?'4)( U - ?)) , 

where the concise notation Xij^i(x) — £ij,i>j>(Ji>kJj'i)(x) was introduced. 

In view of (3.19) it is further more convenient to deal with the integral iy'jj mn being the symmetrization 
of (3.21) w.r.t. (kl,y) and (mn,z): 

(0, y, z) + Iij (0,Z,y). (3.22) 



The computation of I"v m is sketched in the Appendix and below we present the result 

I 

(d+ l) 2 T(d- l)r(d+2)" w,vr |y| 2d |z| 2d 



jsym (( , -f — a _ 9 3 r(d/2)(r(d/2+ l)) 2 c Tkl,k'l'{y)I m n,m'n'{z) 1 , . 



2 We assume that the coup ling of (x) with h%j(x) on the boundary of AdSd+i is given by J d d x ^Tij(x)hij(x)^ and this 
explain the number 8 in (3.19). Later on we show that this coupling also leads to the correct Ward identity. 
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Qj\£i' j' .ab£k'V ,ac£m' n' ,bc ~\~ 0>2&i' j' ,ab£k'l' ,ac£m'n' ,bd ,2 

+a,3(£k'i' ,ab£ m 'n' ,bc£i'j> ,ad + {k'l') — > Imn'))-^- + a 4 (swj'j' (^—jj 1 ^m'n'^ + (k'l') — > (m'n') 

+a5^fc'i',m'n' ~~ d^*' 3 "' ) +fl6 [ £ k'l\ab£i'j\ac ( ^— \ " ~ j^m'n'J + ( fc '0 ~~* (m'n') j ^ 



c c / ij'fy U \ i&i c . ( U'tf U \ / tk'ty 1 „ \ / t m 't n i 1 
+a 7 ifc'/',a6im'n',ac I d j ' J ~W 8 V^ 2 d / V^ 2 d _ ^ 3 

In the last formula the Latin indices (a, 6, c, d) are used to distinguish boundary summation indices and the 
variable ti — z[ — y[. The coefficients ai, i = 1, . . . , 8 are expressed through the constants a\ , fc = 1, 2, 3 found 
in the Appendix by the following formula 

c H = ~a?> + 2(d 2 + ± + 2)af ] - (d 2 - M-2)af ) . (3.24) 
o o 

If we now restore the ^-dependence, the variable tf. 

, / \t ( _ \l ( x ~ y)i _ ( x ~ z )i 

li — \z x) i {y x) i — „ „ 

(x — yy [x — zy 

turns into the conformal vector Xc U — —X-i with a remarkable property to transform covariantly Xi — » X[ 

X[ = x 2 Jij(x)Xj. 



under the inversion x[ = |2 



Then by using the following two identities 

Jij(x- z)Zj = - _ Xj, Jik(x - z)J kj (z- y) = Jij(x — y) + 2(x- y) 2 XiYj 

y z ~ y) 



one may finally represent the 3-point function (3.19) in the form 



1 

\x — y\ 2d \y — z\ 2d \x — z\* 
+ BJi'k'{x- y)Jfn'(x- z)YiiY m >(jf— zf + cycl.perm.) 



Tij^kl : mn — , _ -*|2d| ~* ~i2d|^ - > \2d \^i3>i t 3 t ^kl 1 kH'£'mn,'m'n t ( t A-Ji'k'{x y)Jl'm'{y z)Jj/ n i{z x) 



Zn Zrn 1 



+ C [ Ji 3 M [ d Smn ) + c y cl -P erm -J (3.25) 

z 2- ~ 7 



V ( £ij t i>j/£ki,k'l'Xi>Yk>(x- yfJj>v{x - y) ( " 2 - - -S rnn ) + cycl.perm 



where 



X 2 d V V Y 2 d Kl ) \ Z 2 d 



_4 = 3A dai , B = A d (2 ai +a 2 -2a 3 ), C = A d (2a 4 + a 5 ), 

V = A d (4a 5 + a 7 - 4a 3 - 2a 6 ), f = A d (12a 5 + 6a 7 + 3a 8 ) (3.26) 



and 



= d/2 3 r(d/2)(r(d/2 + i)) 2 rfr(rf) 

d G (d+ l) 2 r(d- l)r(d+2) 2vr d (d-l) 2 ' 

As was expected formula Q3.25 ) is just the conformally covariant 3-point function of the stress-energy tensor in 
the d-dimensional conformal field theory and it involves five independent conformal tensors. 

The coefficients A, ...,£ computed for any dimension d > 2 represent our basic result. We first discuss the 
most interesting case d = 4. In this case by using the Table 1 of the Appendix one finds for A, £ the following 
values 
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8_128 u _ 8-392 8-184 ^_ 8-472 c _ 8-304 

9^ 4 ' 9^ 4 ' 9tt4 ' W_ 9^' 9tt4 ' 



Now we are ready to confront the coefficients (3.27) with the ones found by the free field computations in 
M = 4 SYM. To this end one needs to restore the gravity coupling g^ 2 that enters as an overall constant in 
front of the total action S. The value of the coupling constant is fixed by the type IIB supergravity on the 
AdS5 x S 5 background and is equal to 

2 _ 8tt 2 
9 g ~ Jp- 



Clearly, to restore the (^-dependence of the 3-point function we should multiply ( 3.27 ) on g G and obtain 



A =™N* t B = -^N 2 , C = -^N 2 . (3.28) 

9tt 6 9tt 6 9tt 6 K ' 

Recall that the 2-point function of Tij(x) found from the AdSd+i gravity is given by 

< Ty (x) , T kl (y) >= -J^—l l]M (x - y) (3.29) 

I* y\ 

with the central charge C'd = 2 ^pr L - In particular, for d = 4, one gets C4 = = ^N 2 . 



In 1 33 it was shown that for any four-dimensional free field theory given by n s scalars, by rif Dirac fermions 



and by n v vector fields the coefficients A, B, C are as follows 

„ 1 ( 8 

B = -^E (^n s + 4n f + 32n v 
1 / 2 

C = -— I — n s + 2n f + 16n v 

Substituting here the field-theoretical content of the TV = 4 SU(N) SYM: 

n s = 6(N 2 - 1), n f = 2(N 2 - 1), n v = N 2 - 1, 

we, thus, arrive at 

A=-^(N 2 -l), B=-^(N 2 -l), C=-^{N 2 -l). (3.30) 

The central charge C4 can be found by taking into account the Ward identity that relates C4 with coefficients 
A, B,C of the 3-point function fl29| : 

= ^(9A-B- 10C) = ^(N 2 -1). 

It is now obvious that in the large N limit the coefficients A, B, C and C4 of the JV = 4 SU (N) SYM coincide 
with the ones found from the AdSs gravity. 

Thus, the coefficients A, B and C of the conformal tensors obtained from the AdS$ gravity and reflecting 
thereby the strong-coupling behavior of the corresponding gauge theory do not receive corrections to their free 
field (one-loop) values. This fact finds a good agreement with the results by [jl2| [30], Indeed, the traceless 
conserved stress-energy tensor occurs in the multiplet of the supercurrent T = tr(W 2 ), where W is an analytic 
superfield describing the Af = 4 Yang-Mills strength multiplet. In |L2| it was checked for the leading components 
of T being the scalar fields that their 3-point functions computed from AdS$ x S 5 supergravity coincide with 
the one- loop results in the large N limit. The same conclusion about vanishing of the radiative corrections at 
order g 2 was achieved in [ |30"| even for finite N. By considering the anomaly in the superconformal symmetry, 
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it has been argued in Q (see also (fjj) that the 2- and 3-point functions of T should actually have a one-loop 
nature. 

Having discussed the four-dimen siona l case, we now l ist e x plici tly the coefficients A, ...,£ for dimensions 
d = 2, 3, 5, 6 that can be found from fl3.24|) together with (|a1)-([0|). 
d = 2: 



32 

2 ' 



7T 



2? = o 



32 

2 ' 



(3.31) 



<i = 5: 



.4=- 



B = 



19 -3 2 

2^ 3 : 



C = - 



11 • 3 d 
~2hr r 



V = — 



4 1 -3 2 
2TT 



.4=- 



3-5 4 
2V 



B= - 



303 • 5 2 

2 2 7T 5 



C = - 



117- 5 3 

2 4 7T 5 ' 



P = — 



2 2 7T 



257 • 3 • 5 2 



£ = - 



11 • 3 4 



£ = - 



137- 3 ■5 i 



d = 6: 



.4=- 



2 s -3 5 



B = 



181 • 2 b • 3 J 
5V 



C = - 



59 • 2 5 • 3 4 



2? = -- 



119 • 2 7 • 3 3 



£ = 



2 7 -3 7 



In 



5 2 7T 6 ' 5 2 7T 6 ' 5 2 7T 6 ■ 

it was shown that the conservation law implies the fulfilment of the following two identities 

(d 2 - 4)4 +(d + 2)B - AdC - 22? = 0, 

(d - 2)(d + 4)B - 2d(d + 2)C + 82? - AS = 0. 



(3.32) 



(3.33) 



(3.34) 



It is needless to say that coefficients (3.27) and (3.31)-(3.34) satisfy both of them. It is, of course, only the check 
that we have done the computation of ( 3.16 ) correctly. One should be also aware of the fact that for d — 2 and 
d = 3 the number of linearly independent conformal tensors is reduced to 1 and 2 respectively J33| . 

The cases d — 3 and d = 6 are of particular interest since according to the AdS/CFT conjecture they 
correspond to compactifications of the lid supergravity on AdS± x S 7 and AdSy x S* 4 respectively. We, therefore, 
expect that coefficients (3.32) describe the 3-point function of Tij(x) in the strongly coupled three-dimensional 
gauge theory of the J\f = 8 conformal scalar multiplet while (3.34) are expected to be found in the six-dimensional 
gauge theory of the (0, 2) tensor multiplet [B4]|-[|37j, 
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Appendix A 



We sketch here for reader's convenience some details of computation of integral (3.22) 
Clearly, (3.22) can be written as the following sum of the integrals I k , k = 1,2, 3: 



1 ij,kl,mn = ~ ~7^ t ^-i'}' V~m |^pd X 



.3 



Ikl.k'l' (y) ■£rnn,rn'n' {%) 



■j4y,w, m v + 2(d 2 + | + 2)/^., )fe , r)mV - (d 2 - d - 2)7?, ., 



where I are given by 



J ^0 
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d+1 L) 

/ 4fci,™«( '^'^) = £ij,i'3'£kl,k'l>£mn,m'n' I ~ K.{w,tf)K(u,#){Ji, J°)(w - y){J^ J°')(^ ~ z) 



d d+l 



mnCi^l = £ij,i'j>£kl,k>l>£mn,m'n' / z) x 

i ((j/j^)^ - sw^x* - + mf^x* - jn(j?'4>)(«> *)) 

Then by using the identities 

£ k i >k >v{J? 4){u)- ^ 



1 ' '{ujI+^Y 

tii,*'!' I <V ( w 2 +£lJ 2)d 2 d(d + 1) k > 2 2d(d+l) ' j (tu 2 + lu 2 )^ 



: d k ,d V r Si "°^_, + — ? ; 1 71 „ , , didjdvdv 2 ,%w_ 2 



2(d-l)d(d+l) K {ojl+Q 2 ) d - 1 4(d-2)(d-l)d(d+l) * J " ' (wo+^ 2 ) a 

£ij,i'j'£kl,k'l'(Ji' Jf> ){&) -( 2 , ^2\rf = £ij,i'3'£kl,k>l' 



d+1 J ' (w 2 +w 2 ) d d(d+l) K J (cj2 +c D 2 ) rf -i 4(d-2)(d-l)d(d+l) ' J K ' (w 2 +£ 2 ) rf - 



2 



d-1 „ „ 1 „ „ „ „ iu d+1 



£kl,imdm , 9 ; ^ 9X ^ — TTTl : N 7} , , 7T £kl,k'V dy Of &i 



and 

c ( jO p \(. ,\ ^0 _ 1 c ,F).,F)., 

</ y,i/Wi"'0 )\ w )f,.2 i ,-;2\d — J/J i i \ l 3- 1 3 1 3 ' 



2\d ' 



{uii + ^y d(d+i) lJ " J 1 J h + ls 2 ) 

one can rewrite every I k as derivatives with respect to the external variable ti = z[ — y[ of the standard integrals 
0: 



jd+l, 



_ 7r d / 2 r(o/2 + l/2)r(6 + c - d/2 - a/2 - 1/2) 



r(l/2 + a/2 + d/2 - 6)r(l/2 + a/2 + d/2 - c) lj=f ^ 1+a+d _ 26 _ 2c 



c 2 + ^]fc[ w 2 + (ti; _ t )2 ]c - 2 r(6)r( c ) 

l*-0| J 



X 



T(l + a + d-&-c) 

After straightforward calculations one obtains that all integrals I k result in the same form 



, 7T rf / 2 r(d/2)(r(d/2 + i)) 2 i 
2 (d + i) 2 r(d-i)r(d + 2) \t\ d 

(k) c c c _i_ c c c tctd 

"1 ? j ,ab&kl,ac&m,n,bc ~r ^2 ,ab&kl.ac&m,n,bd ,2 



+ (£kl,ab£mn,bc£mn,ad + {kl) -> (mtl))y + a^ fe) ^Sfei.ij ^"^^ ~ + ( mn ) 

+ CL^SkLmn ~ \ + a 6 fc) ( S kl,ab£ij,ac (^j^ ~ ^ mn ^j + 

(fe) c c ( ttfj lj \ (fc) / 1 x \ ( tktl 1 j- \ ( t m t n 1 
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(k) 

but with different coefficients a\ , where i — 1, . . . , 8 and k — 1, 2, 3. 
For the first integral I 1 the coefficients af^ are found to be 



a = 



(1) _ 4(d-l)(d+l) (d-l)(8rf+12) , 8d+4 
d <P ' tP - 

2(d-l)(2rf+3) _ 8d+4 _ 12(d+2)+8(d-2)(d+3) 
d d d(d-l)(d+3) 



l 2 



M 
,(1) 



a« = 

a« = 
a« = 



12(d+2)+8(d-2)(d+3) 
d 2 (d-l)(d+3) 



= -6- 



2(d-l)(d+l) 12(d+2)+8(d-2)(d+3) 



d(d-l)(d+3) 
(d+3)(d-3)+3(d+2) 

d(d-l)(d+3) 
d-l _ 3(rf+2)+2(d-2)(d+3) 
d d(d-l)(d+3) 
(d+2)(2d+l) , (d+2)(6(d+2)+4(d-2)(d+3)) 

d + d(d-l)(d+3) 

(d-l)(d+2) (d+2)(6(d+2)+4(d-2)(d+3)) 
d d(d-l)(d+3) 
(d+2)(d+4)(3(d+2)+2(d-2)(d+3)) 
2d(d-l)(d+3) 



(A.l) 



For the second integral I 2 the coefficients . . . a^ 1 are as follows 



,(2) 



,(2) _ 2(d-l) 



,( 2 ) - 



= -2 



4 4(d+2) 
r d d(d-l)(d+3) 
4(d+2) 



(2) 
«5 = 

(2) 
O7 = 



(d-l)(d+3) 
(rf+2) 



(d-l)(d+3) 
2(d+2) 2 



(d-l)(d+3) 

while for the third one they are 



4 2) 



-2(d- 1) -4- 



(j+2) 



4(d+2) 
(d-l)(d+3) 



,(2) - 



= d + 2 



4 2) = 



(d-l)(d+3) 
2(d+2) 2 
+ (d-l)(d+3) 
(d+2) 2 (d+4) 
2(d+3)(d-l) 



(A.2) 



4 3) 

,(3) 



4(d+4) 
d(d-l)(d+3) 
4(d+4) 



x (d-l)(d+3) 
(rf+4) 
(d-l)(d+3) 



(3) _ 2(d+2)(d+4) 
(d-l)(d+3) 



at, ' = — 



4 3) 
4 3) 

*8 



4 , 4(d+4) 
* (d-l)(d+3) 
d+1 ^^d+4) 



1 (d-l)(d+3) 
r, _ 2(d+2)(d+4) 
Z (d-l)(d+3) 
(d+2)(d+4) 2 
2(d-l)(d+3) ' 



(A.3) 



The coefficients a[ k ^ are obtained for the general dimension d. We then specify their value for d = 4 in the 
Table 1. 



(k) 
a i 


(fc 
a i 


(fc 

a 2 


(fc 

a 3 




(ft) 


k) 

a 6 


fc) 


(k) 

a 8 


k = 1 


547/21 


-1163/42 


-659/42 


-25/84 


-109/84 


843/42 


465/42 


-92/7 


k = 2 


39/14 


-78/7 


-22/7 


-9/7 


-2/7 


66/7 


24/7 


-48/7 


fc = 3 


-29/21 


116/21 


74/21 


113/21 


8/21 


-74/21 


-32/21 


64/7 



Table 1. Coefficients a (fc) for d = 4. 
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